It is known that a central configuration of the planar four body problem consisting of three particles of equal mass possesses a symmetry if the configuration is convex or is concave with the unequal mass in the interior. We use analytic methods to show that besides the family of equilateral triangle configurations, there are exactly one family of concave and one family of convex central configurations, which completely classifies such central configurations.
Introduction
A classical problem in celestial mechanics is to find all the central configurations in the planar n-body problem. Given a set of masses {m i : 1 ≤ i ≤ n}, a central configuration is a set of positions in R 3 : {q i = (x i , y i , z i ) : 1 ≤ i ≤ n} such that
is the center of mass for {m i }, and λ is a constant. In the following, |q| always denote the Euclidean distance. A translation can always make C = 0, thus (2) j =i
There are several variational formulations for the central configurations expressed by (2) . Define
which are the Newton potential and the moment of inertial of the system, respectively. By the homogeneity of U of degree −1, one obtain (4) 2λI = U, or λ = U 2I .
Here are several possible variational formulations:
1. A critical point q ∈ R 3n of U (q) under the constraint I = 1 satisfies (2). This is apparent by considering the augmented energy function G(q) = U (q) − λ(I(q) − 1), and λ is the Lagrange multiplier.
2. A critical point q ∈ R 3n of E = IU 2 . Suppose that q is a critical point of E. Let t = x i , y i or z i , then ∂E ∂t = ∂I ∂t U 2 + 2U I ∂U ∂t = 0.
By using (4), we reach (2) again.
3. One can also use relative distances between q i as variables, see [5, 6, 7] .
All these observations still hold if q i ∈ R 1 or R 2 . It is generally believed that the set of central configurations for a given positive mass vector m = (m 1 , m 2 , · · · , m n ) is finite. However, the number of planar central configurations of n-body problem for an arbitrary given set of positive masses has been established only for n = 3: there are always five central configurations (two Lagrange's equilateral triangles and three Euler's collinear central configurations). The exact number and classification of central configurations is still not known for four-body problem and only some partial results are obtained although it has been extensively studied in the past. Albouy [1, 2] established all classifications for the case of four equal masses by using Dziobek's coordinates and a symbolic computation program. The finiteness for the general four-body problem was settled by Hampton and Moeckel [5] . Long and Sun [9] studied the convex central configurations with m 1 = m 2 and m 3 = m 4 , and they proved symmetry and uniqueness under some restrictions which were later removed by Perez-Chavela and Santoprete [14] . Perez-Chavela and Santoprete proved that there is a unique convex noncollinear central configuration of planar four body problem when two equal masses are located at opposite vertices of a quadrilateral and, at most, only one of the remaining masses is larger than the equal masses. Leandro [7, 8] applies a combination of numerical and analytical methods to provide the solutions to the problem of central configuration for symmetrical classes or for one zero mass in planar 4-body problem. Based on numerical experiments, he uses the method of rational parametrization and the method of resultants to give the exact numbers of central configuration for planar and spatial symmetrical classes. Llibre-Chavela-Bernat [11] numerically study the central configurations of the plannar 4-body problem with three equal masses. They observe that there is exactly one class of convex central configurations and there is one or two classes of concave central configurations. Celli [4] established the exact number of central configurations for masses x, −x, y, −y. Albouy, Fu and Sun [3] recently proved the symmetric properties of convex central configurations for two equal masses and they conjecture that there is exact one convex central configuration for any choice of four positive masses.
Here we consider a special case when n = 4, q i ∈ R 2 , m 1 = m 3 = m 4 = 1, and m 2 ∈ R. A central configuration in this case is either concave or convex, depending on whether the unequal mass m 2 is inside or outside of the triangle formed by the other three masses. Notice that a degenerate concave or convex configuration, i.e. three masses are collinear but not the fourth one, cannot be a central configuration, see for example, Xia [15] . For concave or convex central configurations, recent results of Long and Sun [9] , and Albouy, Fu and Sun [3] state that such central configuration must possess a symmetry. More precisely, they proved Palmore [13] considered the one-parameter family consisting of three bodies of mass 1 at the vertices of an equilateral triangle and a fourth body of arbitrary mass m 2 at the centroid. We shall call this the equilateral central configuration. He showed that m 2 = m * 2 = (64
is the unique value of the mass parameter m 2 for which this central configuration is degenerate. Meyer and Schmidt [6] reproduced this result and further proved that another family of central configurations bifurcates from the equilateral central configuration when m 2 = m * 2 . The other family, called the isosceles central configuration, has three bodies of mass 1 at the vertices of an isosceles triangle and a fourth body of mass m 2 near the centroid and on the line of symmetry of the triangle.
Our goal here is to provide an analytical method to classify the concave (and convex) central configurations with masses (1, m 2 , 1, 1) in R 2 with q 2 located inside (or outside of) the triangle formed by q 1 , q 3 , and q 4 following the symmetry properties in Lemmas 1.1 and 1.2. For the concave case, an obvious solution is the equilateral triangle q 1 q 3 q 4 , and q 2 is located at the center of the triangle. In this case, q is a central configuration for any mass m 2 > 0. This fact can be easily verified through equations (2 We remark that our uniqueness result is for a fixed isosceles triangle, then the position and the mass of the fourth particle is uniquely determined by the fixed isosceles triangle. Our method also provides efficient numerical algorithms for computing all these central configurations, so that the unique one-parameter concave and the unique one-parameter convex can be clearly calculated. The numerical results imply another type of uniqueness: for any m 2 in the admissible mass set, there is a unique isosceles triangle convex or concave with m 2 in the interior central configuration. However we cannot prove the latter result algebraically. See Sections 3 and 4 for more details.
We prove Theorem 1.3 in the Section 2. Theorem 1.4 would be restated and proved in more details in Section 3. The dependence of q 1 and m 2 on q 2 is implicitly given by an equation. In Section 4 theorem 1.5 will be proved and the relation between m 2 and position q 1 will be established.
Stability of the equilateral triangle configurations
We prove Theorem 1.3 in this section. We use a bifurcation approach with bifurcation parameter m 2 , and we call the equilateral triangle solution q 0 to be the trivial solution. Then (m 2 , q 0 ) is the branch of trivial solutions. Notice that here q 0 is an equivalent class of configurations in R 8 , since the functional E = IU 2 possesses two invariances:
here kq is the scalar multiplication, and R is a rotation about the origin (where q 2 is located). E is a functional of eight variables which we order by introducing the 8-vector
To find bifurcation points along the trivial solution branch, we notice that for m 2 > 0, ∇E(q 0 ) = 0, and we consider the Hessian matrix H 0 (m 2 ) of E at q 0 . The 8 × 8 matrix H 0 (m 2 ) has at least two zero eigenvalues from (5), but we look for values of m 2 such that H 0 (m 2 ) has additional zero eigenvalues. We fix the equilateral triangle configuration at
and use symbolic computation software Maple (version 9.5) to calculate the characteristic polynomial
is a cubic polynomial in x:
where
This implies that all eigenvalues of H 0 (m 2 ) have even multiplicity. Since we look for m 2 such that P (m 2 , x) has more than two zero eigenvalues, we consider the roots m 2 of Q(m 2 , 0) = 0. Indeed Maple shows that
Hence the positive bifurcation point is m 2 = m * 2 ≡ (81 + 64 √ 3)/249 ≈ 0.77. This value has been discovered by Palmore [12] , Meyer and Schmidt [6] by using different formulations.
Note that H 0 (m 2 ) has eight real eigenvalues because the 8 × 8 Hessian matrix is symmetric. Note that Q 2 (m 2 ) < 0 and Q 1 (m 2 ) > 0 for all m 2 > 0, which implies that there are at least two positive roots by using Descartes' Rule of signs. Q 0 (m 2 ) will only change sign once at m * 2 for m 2 > 0. For given 0 < m 2 < m * 2 , Q(m 2 , x) = 0 has exactly three positive roots by using Descartes' Rule of signs, which implies the equilateral central configuration is a local minimum for the energy functional E. For m 2 > m * 2 , Q(m 2 , x) = 0 has exactly two positive roots and one negative root, which implies the equilateral central configuration is a saddle point. This completes the proof of Theorem 1.3.
Concave Central Configurations
From the symmetry property shown in Lemmas 1.1 and 1.2, to better understand the bifurcation occurring near m * 2 , we only need to consider the configuration (9)
where c < p. Here q 1 , q 3 and q 4 form an isosceles triangle in clockwise order, q 2 is in the symmetric axis of the triangle. (see Figure 2 ). With this configuration, the degeneracy caused by (5) no longer exists.
Here we do not necessarily assume that q 2 is in the interior of the isosceles triangle
Then with given isosceles triangle q 1 q 3 q 4 , the location of q 2 can be illustrated by the diagram in Figure 2 : (here we assume that q 1 q 3 q 4 is isosceles but not equilateral) Figure 2 ), then Lemma 1.1 asserts that m 2 is on the interior symmetric axis of the triangle. This corresponds to be configuration (9) with a > b > 0, or equivalently p > k > c.
(Convex case)
If q 2 is in region B, then Lemma 1.2 shows that all possible convex central configurations must have m 2 on the extended symmetric axis of q 1 q 3 q 4 . This corresponds to be configuration (9) with a > 0 > b, or equivalently p > c > k.
(Other cases)
If q 2 is in region D or F , then the configuration is convex but violates the result in Lemma 1.2, thus impossible. If q 2 is in region C, E or G, then the configuration is concave. It is not known whether such central configurations exists, and we do not consider these cases in this article.
Using the assumption of center of mass at origin, we have p + m 2 k + 2c = 0. Therefore,
By using these identities and λ = U/2I in (4), the eight equations of central configuration in (2) are reduced to two equations with m 2 as a parameter:
With a linear elimination, we convert (10) and (11) to
Then we rewrite (12) and (13) into (14) s
It is necessary that a solution of (12) and (13) 
We shall consider the concave case in this section, and the convex case in the next section. For the concave case, we assume 0 < b < a in this section. Theorem 1.4 can be stated more precisely as follows (note that here we include the case of negative mass m 2 ) (9)) be a concave configuration with q 2 located inside the triangle q 1 q 3 q 4 (region A in Figure 2 
Similarly For the proof of Theorem 3.1, we prove the following key lemma:
Lemma 3.2. Suppose that P (a, b) is defined as in (20). Then for any
is a smooth curve in R 2 + , and
Proof. We rewrite P (a, b) in the form:
We notice that (23) and (24) can be written as
and M ij is the entry of the matrix M . A simple calculation shows that Proof of Theorem 3.1. Γ * contains the trivial equilateral central configuration, which is well-known. Hence we consider other possible central configurations by using (10) and (11), or equivalently (12) and (13) . From discussion above, the set of concave central configurations must satisfy ∆ = s 1 t 2 − s 2 t 1 = 0. From (19), for b < a, ∆ = s 1 t 2 − s 2 t 1 = 0 has the following possibilities:
1. a = 0. This does not give rise to a central configuration (see [15] ).
2. a − 3b = 0. With elementary computation, we can prove that it gives a central configuration only when a = √ 3, b = √ 3/3 which is the equilateral central configuration for any mass m 2 ∈ R, and it is included in Γ * . 
, which implies all results stated in theorem.
The numerical graph of a 0 (b) is shown in Figure 3 , and the numerical graph of m 2 (b) is shown in Figure 4 . Our result in this section classifies all concave central configurations with mass (1, m 2 , 1, 1, ) . It is shown that besides the equilateral triangular ones, all other isosceles ones lie on a smooth curve which can be parameterized by b, the distance from mass m 2 to the midpoint of the two symmetric vertices. The numerical graph (Figure 4 
Convex Central Configurations
In this section, we consider the convex configurations, i.e. b < 0 < a in the discussion in Section 3. In fact the analysis in Section 3 remain valid for convex case until equation (20). Theorem 1.5 can be stated more precisely as follows (note that we include the case of negative mass m 2 ). Similarly t 1 (a, b) = t 1 (a, b) = 0 is equivalent to a = √ 3 and t 1 ( √ 3, b) = 0 which is equivalent to the algebraic expression
Here we choose the positive zeros a such that b 0 (a) is negative. The limit 0 of m 2 on Γ 5 when a → 0 + can be obtained with (14), a → 0 + and b → −1.139428225; similarly the limit −2 of m 2 on Γ 6 when a → ∞ can be obtained with (14) ,
Before we give the proof, we first show the following key lemma. 
We notice that (23) and (31) can be written as
and M ij are
We claim that
for any a > 0 and − √ 3 < b < b Q (a), this implies that for any a > 0 and
Assuming (34) and consequently (35), we prove the statements in Lemma 4.2. Fix a > 0.
, a > 0} is a smooth curve from the implicit function theorem, and the asymptotes of b 0 (a) follows easily from calculus.
It remains to prove the claim that
A simple calculation shows that
Then Det(M ) < 0 is equivalent to S < 0 because C > 0. We compute ∂S/∂a:
S and ∂S/∂a can be written as
. ∈ (0, a 1 ) (a 1 , ∞) . The asymptotes of m 2 (a) for a near a = 0, a 1 , a 2 , ∞ can be easily determined from calculus, which we omit the details. The function m 2 (b) is continuous in (0, b 1 
The numerical graph of b 0 (a) is shown in Figure 5 , and the numerical graph of m 2 (a) is shown in Figure 7 . Our result in this section classifies all convex central configurations with mass (1, m 2 , 1, 1). It is shown that all convex central configurations lie on a smooth curve which can be parameterized by a, the distance from mass m 2 to the midpoint of the two symmetric vertices. The numerical graph (Figure 7) shows that m 2 (a) is always monotone. 
